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'■ 1 Introduction 



In the last nine years p-adic numbers have been successfully applied in various 
branches of theoretical and mathematical physics (for a review see [1-3]). One 
of the objects which we often encounter is a p-adic series. 

My interest in p-adic series is mainly motivated by the significant role 
they might play not only in pure but also in applied mathematics. It was 
^ | initiated in 1987 [4] by an observation that divergent perturbative series, 

CN ■ which we usually face up in theoretical and mathematical physics, are p- 

adically convergent. Namely, such power series have rational coefficients 
and may be treated in R as well as in any Q p . Loosely speaking, the less 
convergence in R the more convergence in Q pj and vice versa. 
C^j This opportunity induces a question on possible connection between con- 

^ ■ vergence in the one number field and summation of divergent counterpart in 

the other one. It is natural to expect an answer within the field of rational 
numbers Q, because Q is a subfield of R and all Q p . 

Recall that the sum of a divergent series depends on the way how one 
performs summation. If a series is convergent and has a definite rational 
sum in Q p for all but a finite number of p then this sum may be attached 
to the divergent counterpart. In other words, it seems appropriate to choose 
the same procedure of summation for divergent as that one for convergent 
versions of a series. 

For often encountered divergent series, the situation is such that only 
trivial rational points exist (i.e. for argument x = 0). However there are 
divergent power series which are p-adically convergent and have non-trivial 
(usually one) rational points. Such series contain factorials in the numerator 
of coefficients and they are similar to perturbative expansions in quantum 
field theory and string theory. 
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To illustrate divergence in quantum field theory one can consider the 
simple integral for zero- dimensional scalar theory 



where x = g 2 /m 6 ,m is a mass and g is a coupling constant. This series, as 
well as the partition function in perturbation string theory [5], diverges like 



On the other hand, to make a direct connection of p-adic models with the 
corresponding real one it is necessary to have convergence of series in R and 
all Q p within the common domain of rational numbers. Namely, all results 
of measurements belong to Q, and comparison of theory and experiment 
performs within Q. However, the standard power series of theoretical physics 
do not satisfy the above condition. For example, expansions of functions 
expx smx cosx smhx and cosh a; are convergent in p-adic case for | x \ p <\ 
2 \ p . As a consequence, there is no ^ x G Q for which these functions are 
defined for every p. Therefore it is reasonable to consider small modifications 
of the standard expansions which lead to significant enlargement of the region 
of convergence in p-adic counterparts. 

This article is based on the author's papers [6-10]. The wide class of series 
considered here is given by expression (2.5). Enlargement of p-adic region 
of convergence is introduced by a parameter q e Q in the denominator of 
coefficients. The presence of q in the form (2.3) makes the series (2.5) con- 
vergent everywhere on Q p for every p, and it also does not affect convergence 
properties in the real case. This ^-modification can be made arbitrarily small 
in real counterpart leaving p-adic convergence unchanged. For q = these 
series become in a sense the standard ones. The domain of convergence is 
found for all characteristic cases. 

The general summation formula (3.1) is derived, which is number field 
invariant. When a rational sum is obtained for all but a finite number of 
p it may be used for summation of divergent counterparts. This method of 
summation of divergent series is called "adelic summation" and may be used 
in some rational points. 




which leads to a perturbative series 




n\x n . 
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In the case q = we mainly pay attention to the series which are con- 
vergent everywhere on the ring of p-adic integers Z p for every p. One can 
say, the more simple a series is, the more we go into details. In particular, 
the series X^o n '-^( n )> where Pk(n) is a polynomial in n and with rational 
coefficients, is investigated rather widely. It is obtained a method to find all 
Pfc(ra) which yield rational sums. The connection between uniqueness of the 
pair of integers (uk,Vk) in J^n!(n fc + u k ) = and possible non-rationality 
of ^2,n\ is pointed out. Although there is not yet a proof that ^2,n\ is not a 
rational number it seems very likely that it is true. A proof of this conjecture 
might be very significant. 

Since the concept of adeles (Platonov and Rapinchuk [11]) enables to 
consider properties of Q simultaneously from real and p-adic points of view, 
in Section 5 one investigates some adelic aspects of our series. It is shown 
that one can make an adelic sequence of some series at rational points. 

In the Appendix we give some examples of characteristic series with a 
rational sum to illustrate their non-triviality and diversity . 

All necessary p-adic analysis needed for investigation of these series can 
be found in an excellent book of Schikhof [12]. 



2 Convergence 

If we have a power series 

oo 

$> n x", (2.1) 

n=0 

where A n G Q, it can be treated as a p-adic series (x G Q p ) as well as a 
real one (x E R). Recall that, in the p-adic case, a necessary and sufficient 
condition for a convergence of (2. 1) is 

I A n x n | p -> as n -> oo . (2.2) 



Let 

L fm+u 



q + ((»n + v)\) im+v ' 



where /i e Z + — {1, 2, • • •} , v e Zq — {0, 1, 2, • • •} and q is a nonnegative 
rational number (0 < q G Q). Let also 

P fc (n) = C k n k + ■ ■ ■ + C (2.4) 
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be a polynomial in n e Z + of degree with the coefficients C , ■■ ■ ,C k E Q. 
Proposition 1 The power series 

oo I 

^e n I^ v ]l((o^n + m^Pk(n)x' m+v , (2.5) 

n=0 i=l 

where £ = +1 or — 1 , is defined by (2. 3) with q ^ , ctj , / G Z + , $ e 
Z , Aj G Z , and -Pfc(n) is given by (2. 4), is p-adically convergent for all 
x e Q p and for any prime number p. 

Proof: The general term of (2.5) has a p-adic norm 

i 

i i$bu \ P n i ^ n + w- i?i ipi * > ( 2 - 6 ) 

i=i 

where I Pi-(n) L< max I C,- L , and for a large enough n 

o<j<fc 

I^H^I^K^ + ^Mr^ ( 2 - 7 ) 

as a consequence of the strong triangle inequality for p-adic norm. Recall 
that 

| m | | p= p -Fo- , (2.8) 

where 5 m is the sum of digits in the canonical expansion of a positive integer 
m over p. Thus, for a large enough n (2.6) behaves like 

V 1 ^^^ 1 I a; | p | • (2.9) 

For any x & Q p and for the above range of parameters the expression (2.9) 
tends to zero as n — > oo. 

Proposition 2 The power series (2.5) for the same parameters as in 
Proposition 1, but q = 0, is p-adically convergent in the domain 

| x \ p < pFi);^^ . (2.10) 



Proof: Since = 1, instead of (2.9) one obtains 



)p ^=r^U=i^i \ x\ p \ (2.11) 



which tends to zero as n — > oo iff | x \ p satisfies (2.10). 

In order to have p-adic convergence for any x G Q at all but a finite 
number of p, we will be mainly interested in the cases when 

i 

$>A>^ (2.12) 

i=i 

in (2.11). 

While in the p-adic case factors I^l+vi f° r 9^0, serve to extend the 
domain of convergence, in the real one they do not play a such role. Namely, 
since in the real case ij^+v 1 as n ^ oo, these factors do not influence 
a change of the domain of convergence of series (2. 5) for various values of 
the parameter q. However, other parameters are more or less important and 
convergence in detail may be determined using the d'Alembert criterion. 

In particular, the following two simple classes of (2. 5) deserve to be 
noted: 

which is everywhere convergent in R and all Q p if q ^ 0, and for | x \ p <\ 2 | p 
if 9 = 0; 

oo 

?1=0 

which is everywhere divergent in R, everywhere p-adic convergent if q ^ 0, 
and p-adic convergent for | x \ p < 1 if q — 0. Series of the form (2.13) 
contain g-modification of the expansions for the well-known functions like 
exponential (e — — l,v — 0), cosine (e = — 1,/x = 2, v = 0) and 
sine (e = — 1,/x = 2, v = 1). Expansion (2.14) has factors (/in + z/)! which 
are inverse to (2.13). 

3 Summation 

Starting from the series (2. 3) and owing to the factorization of expressions 
with factorials one can obtain a summation formula for a wide class of series. 
Let (m + 1) M = (m + l)(m + 2) • • • (m + u) . 
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Proposition 3 The summation formula 

i 



n=0 i=l 



n=0 
/i 



X 



{ 



(fan + i/)!) (un + z/+l)f t+1)+ ^ 



((u(n+l) 



+ 1/ ! 



/i(n+l)+ 



— [[M + A + lMn + V 



i=i 



— e 

q + (([An + z/)lj 



fm+u 



D k(n)} 



x 



pn+v 



(3.1) 



q + (u\y . | 

has a place in the region of parameters and variable x which are determined 
by convergence of the series (2.5). 



Proof: Taking into account the identity 



(u(n+l) + z/)! 



(lin + u)\ 



([m + u)^([m + u+ l)M™+ 1 )+^ 

(3.2) 



the LHS of expression (3.1) may be rewritten as 

1 A, 



n=l 



i=l 
1 



A 

E £n " ij ^n(^ n +^) ! ) 

n=0 i=l 

7 

= 6^11(^(0)^ 



(3.3) 



«=i 



Although the formula (3.1) is based on mutual cancellation in pairs of 
terms in the LHS of (3.3), leaving only the first one, it is very useful and 
yields highly non-trivial results. 
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The summation in (3.1) does not depend on the number field. It is worth 
noting that for any x G Q the sum is a definite rational number given by the 
RHS and this result holds in all Q p if q 7^ 0. 

In the real case the LHS of (3.1) can be divergent. If so, a sum depends on 
the way of summation. In such case, among all reasonable ways of summation 
it seems that the number field invariant one is the most natural. 

Definition (Adelic summation) Let a series be divergent in the real case 
and convergent in Q p for all but a finite number of p. Let such series allows a 
number field invariant summation with rational sum for some variable x G Q 
in the domain of convergence. Extrapolation of the number field invariant 
summation to the divergent counterparts we will call adelic summation. 

4 Case q = 

The results obtained in the previous sections are mainly related to the series 
(2.5) with q ^ 0, where two particular cases are noted: (2.13) and (2.14). 
Here we will consider the case q — 0, i.e. we will investigate some aspects of 

OO I i, 

E £n II (W + A)') i Pk{n)x^ n+v . (4.1) 

n=0 i=l 

Recall that the domain of convergence of (4.1) is already derived and given 
by (2.10). The corresponding summation formula follows from (3.1) and it 
reads: 

00/ 1, 1 

5> n II ((^ n + &) ! ) { U^ n + & + l )«M n + l ) x " 

n=0 i=l i=l 

-sP k {n)}x» n+ » = -e l[m x >P k (0)x» . (4.2) 

n=l 

In some pure theoretical, as well as practical problems a knowledge on exis- 
tence of non-trivial rational points may be very important. 

Proposition 4 The series (4.1) has a rational sum for some x G Q which 
satisfies (2.10), if there exists a polynomial A v (n) such that 

Pk(n) = Yl(a in + A + l)£z"4,(n + 1) - eA v (n) . (4.3) 
i=i 
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Proof: Let there exists a polynomial A v (n) with rational coefficients which 
satisfies equation (4.3), then according to formula (4.2) the rational sum of 
(4.1) does exist and the sum is 

i 

S = -e 1 [[(l3 i \) x <A v (0)x" . (4.4) 

i=i 

Note that Proposition 4 defines a sufficient condition. So far, on a nec- 
essary condition one can only conjecture. It is clear that all series (4.1) may 
not have a non-trivial rational point (i.e. for x ^ 0). 

Proposition 5 For a given x G Q in the series (4.1) one can always find a 
polynomial Pk(n) so that the sum is a rational number. The degree of Pk(n) 
is k = max{X) i= i a* A* + 77 , 77}. 

Proof: According to (4.3) for a given x E Q there is a polynomial P&(n) 
which depends on a particular choice of a polynomial The degree of 

Pfc(n) also follows from (4.3). 

If Xli=i > 1) ^en fc = J2i=i a i^i + *7- Condition (2.12) belongs to 
this case. 

The simplest factorial form of (4.1) with Pk(n) is 

00 

$>!P fc (n) , (4.5) 

n=0 

which is divergent in R and convergent in all Q p . The corresponding sum- 
mation formula is 

00 

J>![(n + i)M n + 1) - A,W] = -4,(0) , (4.6) 

n=0 

where 4( n ) = a v n v + a T? _i7i' ?_1 + • • • + a , with a v , ■ ■ ■ , ao G Q. 

It is obvious that all possible polynomials A v (n) generate the correspond- 
ing polynomials Pk{n) , k = rj + 1 > 1, which allow rational sums — ^(0). 
Searching of all possible Pk{n) may be reduced to 

00 

Y,n\{n k + u k )=v k ,(k>l) , (4.7) 

n=0 
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where u k , v k G Q have to be determined, i.e. one has to solve equation 

(n + l)A fc _i(n + 1) - A fc _i(n) = n fc + w fe . (4.8) 

To Eq. (4.7) corresponds a system of + 1 linear equations with k + 1 
unknowns (do, ai, • • • , a^-i, «&)> which has always a solution. Note that v k = 
— Afc_i(0). The first five of pairs iuk,Vk) are: (wi,t>i) = (0,-1) ,(^2,^2) = 
(1, 1) , (u 3 , v 3 ) = (-1, 1) , (u 4 , U4) = (-2, -5) , (u 5 , u 5 ) = (9, 5). 

Proposition 6 If pairs of rational numbers (uk,Vk) are not unique for a 
given k > 1, then X^o n ' * s a rational number in a Q p . 

Proof: Suppose that in addition to (u k , t> fe ) exists (u' k , v' k ) 7^ (w^, v k ). Then 

Er=o n! = («*-»*)/(«*-«*)■ 

Proposition 7 If X^o n ' * s a r& tional number then E^Lo n ' nfc ' ^ or an y 
fce 2 +) are also rational numbers. 

Proof: It follows from (4.7). 

There is not yet an exact proof that Y^=o n ^ ls n °t a rational number 
(Schikhof [12]). But it seems reasonable to suppose that it is not a rational 
number. If so, then pairs (uk,Vk) are unique, and existence of a polyno- 
mial A v (n) is not only sufficient but also a necessary condition for rational 
summation of (4.5). Thus the general form of (4.5) with rational sums is 

00 

J2 n KC k n k + C k ^n k - X + ■ ■ ■ + C ) = D k , 

n=0 

where C = Y^=i C j u j > D k = Ylj=i C j v j > and Ct - ■ ■ ,C k E Q. 

Note that the above consideration performed for (4.5) can be done for 

00 

£(-l)»n!ft(n) 

?1=0 

with analogous conclusions. 
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5 Adelic Aspects 

Recall (Platonov and Rapinchuk [11]) that an adele is an infinite sequence 

X = (Xqo, X2, ' ' ' , X p , ' ' ') , (5-1) 

where Xoo G R, a p G Q p with a restriction that a p G Z p = {t :| t \ p < 1} for all 
but a finite number of p. The set of all adeles is a ring under componentwise 
addition and componentwise multiplication. The space of adeles A may be 
presented as 

A = \jA(S), A(S) = Rxl[Q p xl[z p , (5.2) 

s pes pgs 

where S is a set of finite number of primes p. A, as a topological space, has 
a basis of open sets which are of the form x Yl P es x rip^s ^p> where 
Woo and are open sets in R and Q p , respectively. 

Note that A is an instrument which enables a simultaneous treatment 
of all completions of Q. The field Q can be embedded into A by mapping 
•), where x e Q. 

Proposition 8 Let one has a sequence 

E^(x) = (E%( Xoo ), E%- s (x 2 ), • • • , E%-'(x p ), • • • ) , (5.3) 

where Ef;,,( real and s (^ p ) is a p-adic series defined by (2.13), 

and s G Z + . When x = {x oa ,X2, ■ • • ,x p , • ■ •) is an adele, E^ u (x) is also an 
adele. 

Proof: For any rc^ G -R, the series E e ^ Q u ( XoQ ) is well defined in real case. 
The general term of the p-adic series (2.13) for q = p~ s is 

p s {{^n + v)\Y n+u - 1 
Since | 1 + p s ((fm + z/)!)^ n+ ^ | p = 1, the p-adic norm of (5.4) is 

iK^+^r^i^,^, (5.5) 

which can be larger than 1 only for a finite number of p. 
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Thus (5.3) is an adelic sequence of series. It is clear that in (5.3) one can 
take — X2 — • • • — x p — • • • — x, where x e Q. 

Proposition 9 The sequence of series 

(H%(x),H%(x) r --,H%(x),---) , (5.6) 

where 

oo 



n=0 

I r n Mn+i)+" " g • ((/„/ • „)M'' 



V? — T— \x» n+V 



q + 



((^(n + !) + !/)! 



(5.7) 

is an adele of series if x G Q. 

Proof: Note that H e '*{x) is a particular case of the LHS in (3.1) induced 
by (2.13), which is convergent for every x G R and every x G Q p . It has a 
sum 

S = - 1 \ ,. x 17 , (5.8) 

which for x G Q is a p-adic integer for all but a finite number of p. 

In virtue of (4.6) one can construct adeles from Yl^Lo n '-^fc( n ) w ^ n -Pfc( n ) — 
(n+ 1) — where A k _i{n) , (A; > 1), are arbitrary polyno- 

mials with rational coefficients. The corresponding sum —Ak-i(0), which is 
valid for all p-adic cases, may be also attributed to the real case by method 
of adelic summation of divergent series. 



6 Appendix 

Here we give some particular examples which illustrate various forms of p-adic 
series with rational sums contained in the preceding sections of this article. 
These series are convergent in all Q p and have number field independent 
rational sum. The first series is also convergent in R, but all other are not. 
Some other examples can be found in the author's paper [7]. 
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^ ' L g+ (( n + l)!)- +1 q+(n\) n \ q + 1 ~ K J 



n=0 



ri[C 5 n 5 + C 4 n 4 + C 3 n 3 + C 2 n 2 + Cm + (9C 5 - 2C 4 - C 3 + C 2 )] 



ra=0 



n=0 



= 5C 5 - 5C 4 + C 3 + C 2 - d . d, • • • , C 5 e Q . (A2) 

00 

^(n + /3)![C 2 n 2 + Cm - C 2 /3 2 + d/3 + C 2 ] 

n=0 

= /3![C 2 (/3 + l)-C 1 ] . C u C 2 eQ. (A3) 

00 

J](2n + /3)![4n 2 + 2(2/5 + 3)n + /5 2 + 3/3 + 1] = -(3\ . (AA) 

n=0 

00 

J2( 2n + /W^ 3 - 2(3/3 2 + 9/3 + 8)n - 2/3 3 - 9/3 2 - 11/3 - 1] 

= /3!(2/3 + 5). (A5) 
f> + ^ + 2(2^ + 3^ + ^ + 3) = _^ ^ 

n=0 

A /n m ,8n 3 - 6(/3 2 + 3(3 + 3)n - 2/3 3 - 9/3 2 - 9/3 + 4 

U 2n + z 9 )' 



= (312(2(3 + 5). (A7) 

00 

((n + /?)!) V + 2(/3 + l)n + (3 2 + 2/3] = -(/3!) 2 . (A8) 
^ ((n + /3)!) 2 [n 3 - (3/3 2 + 6/3 + 4)n - 2(/3 + l) 3 + 2/3 + 3] 



71=0 

OO 



n=0 
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= (,«) 2 (2/3 + 3) . (A9) 



n=0 



f// , m, ^ 3 - + + 5)n - 2(/3 + l) 3 + 2(2/3 + 3) 



n=0 

\2 



2 n+l 

= (A) 2 (2/3 + 3) . (All) 



J2(n + /3i)!(n + P 2 )\[n 2 + (A + & + 2)n + (A + 1)(A + 1) - 1] 



n=0 



= -(A)KA)! • (A12) 



J](n + + &)![n 3 - (A 2 + $ + AA + 3ft + 3A + 4)n 

n=0 

-(A + A + 2)(AA + A + A) + 1] = (A)KA)KA + A + 3) . (A13) 

CO 

$^(-l)> + A)!(n + /3 2 )![n 2 + (A +f3 2 + 2)n + (A + 1)(A + 1) + 1] 



n=0 



(A)KA)! • (A14) 



]T(-1)> + A)!(n + A)![n 3 - (A 2 + /3 2 + AA + 3A + 3A + 2)n 

n=0 

-(A + A + 2)(AA + A + A + 2) - i] = -(A)KA)KA + A + 3) . (Ai5) 

oo I I 

Y,e n l[(a,n + p i )\[l[(a t n + P, + l) a Xn + l) k -en k }=0 . (A16) 

n=0 i=l i=l 
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